Abstract. Let q be a prime power, 2 ≤ r ≤ q, and f = aX + X r(q−1)+1 ∈ F q 2 [X], where a = 0. The conditions on r, q, a that are necessary and sufficient for f to be a permutation polynomial (PP) of F q 2 are not known. (Such conditions are known under an additional assumption that a q+1 = 1.) In this paper, we prove the following: (i) If f is a PP of F q 2 , then gcd(r, q +1) > 1 and (−a) (q+1)/gcd(r,q+1) = 1. (ii) For a fixed r > 2 and subject to the conditions that q + 1 ≡ 0 (mod r) and a q+1 = 1, there are only finitely many (q, a) for which f is a PP of F q 2 . Combining (i) and (ii) confirms a recent conjecture regarding the type of permutation binomial considered here.
Introduction
Let F q denote the finite field with q elements. A polynomial f ∈ F q [X] is called a permutation polynomial (PP) of F q if it induces a permutation of F q . In general, it is difficult to predict the permutation property of a polynomial from its algebraic appearance; even for binomials, the question remains challenging. Historical accounts and contemporary reviews of permutation polynomials can be found in a few book chapters and recent survey papers; see [1] , [2] , [6, Ch. 7] , [7, Ch. 8] .
In this paper, we are concerned with the following question. Let f = aX + X r(q−1)+1 ∈ F q 2 [X], where 2 ≤ r ≤ q and a ∈ F * q 2 . When is f a PP of F q 2 ? Our interest and curiosity in this question were inspired and elevated by several recent results. Under the assumption that a q+1 = 1, the answer to question was provided by Zieve [8] .
Theorem 1.1 ([8]).
Assume that a q+1 = 1. Then f is a PP of F q 2 if and only if (−a) (q+1)/gcd(r,q+1) = 1 and gcd(r − 1, q + 1) = 1.
The proof of Theorem 1.1 given in [8] uses degree one rational functions over F q 2 which permute the (q + 1)-th roots of unity in F q 2 . For that proof, the assumption that a q+1 = 1 is essential. In the general situation, that is, without the assumption that a q+1 = 1, the question has been answered for r = 2, 3, 5, 7 in [3, 4, 5] . It turns out that for r = 3, 5, 7 and a ∈ F * q 2 with a q+1 = 1, there are numerous but finitely many (q, a) for which f is a PP of F q 2 . A conjecture has been formulated based on this observation: Conjecture 1.2 ( [2, 5] ). Let r > 2 be a fixed prime. Under the assumption that a q+1 = 1 (a ∈ F Remark 1.3. Conjecture 1.2 is false for r = 2. It follows from [3, Theorems A and B] that aX + X 2(q−1)+1 (a ∈ F * q 2 ) is a PP of F q 2 if and only if q is odd and (−a) (q+1)/2 = −1 or 3.
In the present paper, we confirm Conjecture 1.2 by proving the following.
Theorem 1.4. Assume that f is a PP of F q 2 . Then gcd(r, q + 1) > 1 and (−a) (q+1)/gcd(r,q+1) = 1. In particular, if r is a prime, then q + 1 ≡ 0 (mod r) and (−a) (q+1)/r = 1.
Theorem 1.5. Let r > 2 be fixed. Assume that q ≥ r, q + 1 ≡ 0 (mod r) and a q+1 = 1 (a ∈ F * q 2 ). Subject to these conditions, there are only finitely many (q, a) for which f is a PP of F q 2 .
It is well known that f is a PP of F q 2 if and only 0 is the unique root of f in F q 2 and
The starting point of the paper is the computation of the power sums x∈F q 2 f (x) s , which is carried out in Section 2. Theorem 1.4, proved in Section 3, is a straightforward consequence of the computation in Section 2. The proof Theorem 1.5 is rather involved; it is given in Section 4 preceded by a description of the proof strategy.
The Power Sums
Throughout the paper, we always assume that f = aX + X r(q−1)+1 ∈ F q 2 [X], where 2 ≤ r ≤ q and a = 0. All other conditions are considered additional. The following fact is obvious. For 0 ≤ α, β ≤ q − 1 with (α, β) = (0, 0), we have
In the above, the inner sum is 0 unless α + βq ≡ 1 (mod q − 1), i.e., 0 ≤ α ≤ q − 1 and β = q − 1 − α, in which case,
As i runs over the interval [0, α] and j over the interval [0, q − 1 − α], the range of
Proof. We only have to consider the case α + 1 ≡ 0 (mod d). Let k 0 ∈ Z be the smallest such that α + 1 + k 0 (q + 1) ∈ rZ and (2.5)
We derive from (2.5) and (2.6) that
which is equivalent to (2.8)
Also note that (2.6) is equivalent to (2.9)
Taking the difference of (2.8) and (2.9), we see that the equal sign holds in both (2.8) and (2.9). Hence (2.10)
which further implies that (α + 1)(r − 1) ≡ 0 (mod q + 1). On the other hand, if (α + 1)(r − 1) ≡ 0 (mod q + 1) and k 0 is given by (2.10), reversing the above argument gives L = {0, . . . , d − 2}. Thus we have proved that L = {0, . . . , d − 2} if and only if (α + 1)(r − 1) ≡ 0 (mod q + 1). Now we have
(since a q+1 = 1)
(For the next-to-last step, note that α − 
Remark 2.3. Note that gcd(r − 1, q + 1) = 1 if and only if there is no 0 ≤ α ≤ q − 1 such that (α + 1)(r − 1) ≡ 0 (mod q + 1). Hence Lemma 2.2 and Fact 2.1 provide an alternate proof of Theorem 1.1.
and q ≥ (r − 1)(α + 2). Then
where v = (−a) − q+1 r q and
Proof. Since q ≥ (r − 1)(α + 2), it is easy to see that I α ∩ (q + 1)Z = {−(r − 1)(q + 1), . . . , −(q + 1), 0}. Therefore,
(2.13)
We also have
(2.14)
Combining (2.13) and (2.14) gives
In (2.12), we may treat g α (X) as a polynomial over Z[1/r]. The reason is that for all i ∈ Z and j ∈ N, i/r j is a p-adic integer for all primes p ∤ r, and hence
3. Proof of Theorem 1.4
Given that f is a PP of F q 2 , we show that gcd(r, q + 1) > 1. Assume to the contrary that gcd(r, q + 1) = 1. Then there exists a unique j 0 ∈ {0, 1, . . . , q} such that −1 − rj 0 ≡ 0 (mod q + 1). Note that j 0 = q since otherwise r ≡ 1 (mod q + 1), which would imply that r ≥ q + 2, a contradiction. By (2.3),
which is a contradiction.
Proof of Theorem 1.5
Fix r ≥ 3 and assume that f = aX + X r(q−1)+1 is a PP of F q 2 , where q ≥ r, q + 1 ≡ 0 (mod r) and a q+1 = 1 (a ∈ F * q 2 ). Our goal is to show that there only finitely many possibilities for q. The strategy and the outline of the proof are the following.
1. We show that gcd Q[X] {h α : α > 0, α ≡ −1 (mod r)} = 1, where h α is defined in (2.15). It follows that there are only finitely many possibilities for p := char F q . 2. If for a certain characteristic p, there are infinitely many possibilities for q, then we must have p ∈ {2, 3, 5}. 3. For each p ∈ {2, 3, 5}, we prove that there are only finitely many possibilities for q.
Finiteness of the possibilities of the characteristic.
Let τ > 1 be a prime power with τ ≡ −1 (mod r) and char F τ = t. Set k = (τ + 1)/r. Note that the polynomial g α (X) in (2.12) can be treated as a polynomial in F t [X]. For Lemmas 4.1 and 4.3, we only require that r ≥ 2. Lemma 4.2 requires that r ≥ m and Lemmas 4.4 -4.6 require that r ≥ 3.
Lemma 4.1. Assume that x = 0 is a common root of g τ , g τ 3 and g τ 4 −2 in some extension of
r ∈ F * τ \ {1}, and
where (r + 1)x − r = 0.
Proof. All polynomials considered in this proof are in characteristic t.
, where m ≥ 0 is an integer. Note that α ≡ −1 (mod r) and that (2.12) gives
Let k ′ = (α + 1)/r. In the ring Z t of t-adic integers,
Therefore,
(In the last step, we used the relation kr ≡ 1 (mod t).)
Therefore (
Treating (4.4) as a quadratic equation in x with coefficients in F τ 2 , we conclude that x ∈ F τ 4 .
and
Hence
(4.5) (In the last step, we used the fact that the base t digits of β are (t−2, t−1, . . . , t−1).) Since
we see that for c = −1 and −2,
By (2.12) and (4.6), we have
(For the last step, note that x
On the other hand, by (4.3),
Combining (4.9) and (4.10) gives (x r − 1) τ −1 = 1, which implies that x r ∈ F τ . It follows from (4.4) that x ∈ F τ 2 .
Finally, by (4.9), we have
If (r + 1)x − r = 0, then rx + 1 − r = 0; the two equations imply that x = 1, which is a contradiction. Hence we have (r + 1)x − r = 0 and (4.1) follows.
Lemma 4.2. Let x ∈ F t (the algebraic closure of F t ) be such that x r ∈ F * τ \ {1}. Let m be a positive integer, and assume that r ≥ m and k := (τ + 1)/r > 2(m − 1). Then 
Thus by (2.12),
(4.12)
We have
(To see the last inequality, consider the cases m = 1 and m > 1 separately; note that when m > 1, k > 2(m − 1) ≥ 2.) Therefore,
(by (4.13) and the fact that m < τ , which is easy to see)
(by (4.14) and (4.15)). 
(4.17)
Proof
Thus (2.12) gives
When l = 1,
Hence (4.20)
When 2 ≤ l ≤ r − 1,
Hence (4.21 
Gathering (4.19) -(4.21), we have
Recall from (2.15) that for positive integers α with α ≡ −1 (mod r) we have
Lemma 4.4. Let r ≥ 3. Assume that τ is a prime such that τ ≡ −1 (mod r), k := (τ + 1)/r > 2 and τ ∤ ρ(r), where ρ(r) is a nonzero integer, depending only on r, to be defined in (4.32). Then
Proof. 1
• We claim that h τ (0) = 0 in F τ . Using the first step of (4.3), we have
Since k = (τ + 1)/r, we have 1 < k < τ . Thus g ′ τ (0) = 0 and hence h τ (0) = 0. 2
• Assume to the contrary that h τ , h τ 3 , h τ 4 −2 , h 1+τ +τ 3 , h 2τ +1 have a common root x ∈ F τ . By 1
• , x = 0. By Lemma 4.1, x r ∈ F * τ \ {1}, (r + 1)x − r = 0, and (4.1) holds.
By Lemma 4.3, we have (4.17). We need to rewrite (4.17) in a form suitable for further computation. Let y = x r . For any integer k ≥ 0, define
(Note that s k also depends on r. Since r is fixed, it is suppressed in the notation.) The polynomial s k satisfies the recursive relation (4.25)
We can rewrite (4.17) as
Combining (4.26) and (4.27) allows us to express g 1+τ +τ 3 (x) as a rational function in x and y, and, with the substitutions k = 1/r and
that expression becomes
where
In the same way, and starting from (4.1) with m = 2, we find that
The resultant of G 1+τ +τ 3 and G 1+2τ is
Since r ≥ 3, we have ρ(r) = 0 in Z. (It is easy to show that ρ(r), as a polynomial in r, has no integer roots ≥ 3.) Therefore we may choose τ such that τ ∤ ρ(r). However, since x is a common root of g 1+τ +τ 3 and g 1+2τ , it is a common root of G 1+τ +τ 3 and G 1+2τ , which contradicts the fact that R(G 1+τ +τ 3 , G 1+2τ ) ≡ 0 (mod τ ).
Lemma 4.5. Assume r ≥ 3. We have
Proof. Assume the contrary; that is, there exists a primitive polynomial
for all α > 0 with α ≡ −1 (mod r). Choose a prime τ satisfying the conditions in Lemma 4.4 such that τ does not divide the
. This a contradiction to (4.23).
Lemma 4.6. Fix r ≥ 3, and assume that f is a PP of F q 2 , where q ≥ r, q + 1 ≡ 0 (mod r) and a q+1 = 1 (a ∈ F * q 2 ). Then there are only finitely many possibilities for p := char F q .
Proof. By Lemma 4.5, there exist 0 < α 1 < · · · < α m with α i ≡ −1 (mod r),
Therefore, there exist a 1 , . . . , a m ∈ Z[X] such that (4.33) Lemma 4.7. Fix r ≥ 3, and let p be a prime such that there is a power τ of p with τ ≡ −1 (mod r). If f is a PP of F q 2 , where char F q = p, q ≡ −1 (mod r), q ≥ τ 4 and a q+1 = 1 (a ∈ F * q 2 ), then p ∈ {2, 3, 5}.
Proof. Since f is a PP of F q 2 and q ≥ τ 4 , it follows that g α , α ∈ {τ, 1 + 2τ, 2 + 3τ, 3 + 4τ, 1 + τ + τ 3 , −2 + τ 4 }, have a common root x ∈ F p \ {0} with x r ∈ F * τ \ {1}. By Lemma 4.1, (r + 1)x − r = 0, and (4.1) holds. The equations (4.28) and (4.30) remain valid. Moreover, g 2+3τ (x) and g 3+4τ (x) can be computed in a way similar to the computation of g 1+2τ (x). To sum up, we have Assume to the contrary that p / ∈ {2, 3, 5}.
1
• We claim that r = 1, 2 in F p . If r = 1 in F p , by (4.38) and (4.39),
When p = 31, this contradicts the fact that x is a common root of G 1+τ +τ 3 and G 1+2τ . When p = 31, we find that
which is also a contradiction. Similarly, if r = 2 in F p , we have
where A = 101 − 210X − 120X 2 , B = 77 + 36X. When p = 89, we have a contradiction. When p = 89, we find that
which is again a contradiction.
2
• We computed the resultant R(G α , G β ) for all α, β ∈ {1 + τ + τ 3 , 1 + 2τ, 2 + 3τ, 3 + 4τ }, α = β. The following selected results are to used in the next step.
2 (r + 1)(2r − 1)(2616r 10 − 4994r 9 + 212r 8 − 21785r Let R ′ (G α , G β ) denote the expression obtained from R(G α , G β ) with the factors r, r − 1 and r − 2 removed. For α 1 , β 1 , α 2 , β 2 ∈ {1 + τ + τ 3 , 1 + 2τ, 2 + 3τ, 3 + 4τ }, we treat R ′ (G α1 , G β1 ) and R ′ (G α2 , G β2 ) as polynomials in r with integer coefficients,
is thus an integer. We computed
each of which is a very large integer. However, the gcd of the above three integers is 2 · 3 2 · 5, which is nonzero in F p . Thus we have a contradiction.
Remark. In fact, we computed
for all α 1 , β 1 , α 2 , β 2 ∈ {1 + τ + τ 3 , 1 + 2τ, 2 + 3τ, 3 + 4τ } with α 1 = β 1 , α 2 = β 2 and {α 1 , β 1 } = {α 2 , β 2 }. It turned out that the gcd of all such integers is 2 · 3 2 · 5. Therefore, consideration of all the resultants in (4.42) still cannot eliminate the possibilities of p = 2, 3, 5.
The following corollary is immediate from Lemma 4.7 Corollary 4.8. Fix r ≥ 3 and a prime p with p / ∈ {2, 3, 5}. Then there are only finitely many q with char F q = p and q ≡ −1 (mod r) for which f is a PP of F q 2 , where a q+1 = 1 (a ∈ F * q 2 ). 4.3. The cases p = 2, 3, 5.
Lemma 4.9. Fix r ≥ 3, and let p ∈ {2, 3, 5}. Fix a power τ (> 2) of p such that τ ≡ −1 (mod r), assuming that such a power exists. Let q be a power of p with q ≡ −1 (mod r). If q ≥ rτ 4 , then f is not a PP of F q 2 , where a q+1 = 1 (a ∈ F * q 2 ). Proof. Assume to the contrary that f is a PP of F q 2 . It follows from Lemmas 2.4 and 4.1 that g α , α ∈ {τ, 1 + 2τ, 2 + 3τ, 3 + 4τ, 1 + τ + τ 3 , −2 + τ 4 } have a common root x ∈ F p \ {0} with x r ∈ F * τ \ {1} and (r + 1)x − r = 0 that satisfies (4.1). Case 1. Assume p = 2. Clearly, r = 1 in F 2 . It follows that G 1+τ +τ 3 (X) = X(1 + X + X 2 ).
Since p = 2, G 1+2τ , G 2+3τ and G 3+4τ in (4.38) -(4.40) are all 0, due to the fact that they arise from 2g 1+2τ (x), 12g 2+3τ (x) and 144g 3+4τ (x), respectively. It is possible to compute new polynomials arising in a similar way from g 1+2τ (x), g 2+3τ (x) and g 3+4τ (x). The result from g 1+2τ (x) is still 0. The results from g 2+3τ (x), whose computation is detailed below, will be useful. 
